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We present a numerical study on the phase-ordering kinetics of the sr@eéifit- under an external
magnetic field. Due to the inversion symmetry of the director fields, the external field induces Ising-like
inversion domain walls in this system. It is observed that the usual dynamic scaling based on a single dominant
length scale is violated for the Ising-like order parameter, except in the asymptotic time limit. This scaling
violation is attributed to the existence of point defects along the domain walls and the corresponding length
scale(the average separation between point deféot@ddition to the average domain size. The correlation
functions exhibit a very slow approach to the asymptotic scaling limit, with early-time correlation functions
characterized by large curvature near the origin, gradually crossing over to Ising-like correlation functions at
the late-time stage. In spite of this apparent violation of dynamic scaling, we find that the above slow approach
toward the asymptotic pure Ising scaling function follows a universal functional form when the time is properly
rescaled in terms of the field-dependent time sd8&063-651X96)11705-1

PACS numbes): 64.70.Md, 64.60.Cn, 64.60.My, 82.20.Mj

[. INTRODUCTION external magnetic field subjected to various anchoring con-
ditions of the glass plates between which liquid crystal
Understanding the ordering kinetics of statistical system$amples are placed. Pindekal.[18] have observed a mac-
that are subjected to a rapid thermal quench from a disort0Scopic pattern of 2-disclination walls in a ferroelectric
dered phase to an ordered phase has long been one of F@€cticE film under external electric fields.
central issues in nonequilibrium statistical mechaiilcs3]. One can imagine a nonequilibrium situation where a

Recent nonperturbative approachi@s-6] to this problem smectic€ film is quenched from an isotropic disordered

. S X S hase under external magnetic fields. In this situation, the
seem to provide significant theoretical progress in this areaﬁeld-induced inversion domains will coarsen as the system

By being extended to systems possessing continuous degefyolves toward its equilibrium ordered phase. In the present
eracy of ground states, the the¢-9] has stimulated inten-  work, we report a numerical investigation of growth kinetics
sive theoretical and experimental investigations on the kinetof these inversion domains. A similar numerical simulation
ics of systems having a variety of stable topological defecthias been carried out by Pargelisal.[19] with the motiva-
such as vortices, strings, and monopoles. In spite of this imtion quite different from that of the present study: their ex-
portant progress, it appears that the effects of symmetryperimental observation on the coarsening process of a free
breaking external fields on the phase-ordering kinetics havstanding smectic film{with no external field did not agree
been less well studiefd.0,11. with the theoretical expectation based on the two-

It is noteworthy that liquid crystal system42] have dimensionalXY model. For example, while in the two-
served as an appropriate test ground for important theoreticgimensionalXY model the defect density shows a power-law
predictions made for phase-ordering kinetics of systems postecay, the experimental result exhibited an exponential de-
sessing continuous symmetf{3]. At the same time, for cay for the same quantity. In order to resolve this discrep-
these systems many equilibrium studies on the effects odincy, they invoked an internal field and its dipole coupling to
external fields have been carried out. Helfrifh4], de the director field. Focusing on this issue, they did not deal
Gennes[15], Brochard[16], and otherqd17] have studied with the detailed aspects of the growth and coarsening of the
equilibrium profiles of inversion domain walls induced by aninversion domains.
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We summarize briefly in the following the main results of double degeneracy of the ground states. Therefore, defining
the present work. First, we find that the usual dynamic scal- P

Ing base_d on a smgle_domlnant Iength sca_le IS systema’qcal ector along the direction of the external magnetic field, one
violated in the equal-time correlation functions for the Ising-

. . S .2 can obtain dynami tion for the order parameter fiel
like order parameter, except in the asymptotic time I|m|t.Ca obtain dynamic equation for the order parameter field

This scaling violation may be attributed to the existence of” In orderato do so, it is convenient to decomp:ose trle di-
another length scal@n addition to the average domain size rector fieldn into components along the directiohsandt
corresponding to the average separation between point dearallel and normal to the magnetic field, respectively:
fects residing on the domain walls. The average size of do- R R

mains L,(t) begins, at the early stage of ordering, as n(r,t)=o(r,t)h+ m(r,H)t. (3)
L,(t)~t%1 with ¢»;=0.38, and then crosses over at the late-
time stage to¢,=0.46, which is close to the curvature-
driven growth exponent 1/2.

It is possible to identify a time scalg(h) depending on
the magnetic fielch, with which we can rescale the time
dependence of the domain size for various valueshof Jo yh?

WhenL,(t) is measured in units of, the equilibrium width E:KVZO"FQ 1+ =——-0?—7?|0, (4
of domain walls, this procedure results in a fairly good col- 9
lapse of the time dependence of the domain size for different

values of the external field. The same time scdle) can be

used to rescale the time dependence of the excess energy ot
relaxation and also in rescaling the systematic approach to

the asymptotic(Ising) limit for the equal time correlation From Egs.(4) and (5) we can obtain the ground-state
functions. configurationsr= + \/1+h? and =0 with the ground-state

This paper is organized as follows. In Sec. Il, the model?”ergyEG:._hz(h2+?)/4- The equilibrium profile of an
and the simulation methods are described. The main resul{gelated straight domain walinfinitely extendeglis obtained
of our simulations are presented in Sec. Ill along with theby Solving the set of stationary equations resulting fr@tn
discussions on the results, which is followed by Sec. v,2nd(5),
summarizing the main features of this work.

n Ising-like order parameter=n-h whereh is the unit

Multiplying (2) with the unit vectorsﬁ, % respectively, we
obtain the following set of dynamic equations for the two
fields o and 7

o

=KV27+g(1—o?— 7). 5)

d’o h2
KFZ—g 1+X——0'2—772 o, (6)
Il. THE MODEL y g
The elastic free energy for smect{film under a mag- d?7 .
netic field[12], assuming the equal elastic constants, is given KW =-9(1-o"—7)m, (7)
by
K g wherey is the coordinate normal to the wall.
F[n]:f d?r E(ﬁﬁ)2+z(52_1)2_§(ﬁ.ﬁ)2 . (D In the hard spin limit, i.e.g—o, one can represent the

two fieldso and 7 in terms of a phase angk with respect

where the first term represents the elastic energy cost fdo the direction of magnetic field as one does in thXY
distortion of the director fieldh, the second one drives the model:o=cosy, w=siné. Using this representation, one can
director field into unit length in the absence of the externapbtain from(6) and(7) the equation for the phase anglef
field, and the last denotes the coupling of the director field t¢he form
the external uniform magnetic field. The paramete€rsg,

andy denote the isotropic elastic constant, the rigidity of the Y
director, and the magnetic susceptibility, respectively. In the dy?

present case, the director fiefdis a two-component real his i . d . h lution is ai b
vector field, which characterizes the in-plane molecular ori-1 S IS @ sine-Gordon equation whose solution is given by

—_ =1 H _ —_
entation in smecti& film. The dynamic equation governing ¢(Y) =2tan “{exp§/¢)], provided 6(y=0)=m/2, where
the evolution of the system toward equilibrium is assumed t¢ = VK/xh” is the equilibrium width of the domain wall.

be the model A20], appropriate to systems with noncon- Note that it is inversely proportional to the strength of the

d?9 xh?
~5sin(20). 8)

served order parameters, of the form magnetic field. , . _ o
Simulation is carried out by directly integrating in time
on SF Eq. (2) with random initial conditions using the Euler algo-

— —=KV2n+g(1-nd)n+yx(n-h)h,  (2)  rithm with the integration time stedt=0.1 on a square
on lattice with linear sizeN=400. The integration is performed

where the thermal noise is ignored since we consider the cast to1=1280. The Laplacian iri2) is discretized with the

of zero-temperature quench onl mesh sizeAx=Ay=1. Periodic boundary conditions in both
P 9 y- . Ilattice directions are employed. The paramet€rsg, and

Due to the presence of the symmetry-breaking externa ; S .
field, the O(2) symmetry is broken and the inversion sym-X are all set equal to unity and the direction of Ehe uniform
metry of the director field generates the discrete Ising-likemagnetic field is taken to be along theaxis: h=hx.

Fe
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In order to probe the growth of the inversion domain 1.0 :
walls, we compute the equal-time correlation function h=08
C(r,t)=(a(0,t)o(r 1)) for the Ising-like order parameter e 2D 6(2)
o, the excess energy relaxation, and the time dependence of 4L & oD ISING-

the number of point defects, whet¢ denotes the average
over random initial configurations. Here the average was
taken over 30 to 60 different random initial configurations. It

should be emphasized that the random initial conditions are oer i
not biased by the external magnetic field. F
0.4 |- -

lIl. SIMULATION RESULTS AND DISCUSSIONS

Before presenting the details of the simulation results, we
briefly summarize the characteristic features of the pure Ising 0.2} .
domain growth for the case of the nonconserved order pa-
rametef1—3]. An important feature associated with the Ising
growth is its self-similar nature, which is reflected in a scal- 0.0 .
ing collapse of the equal-time correlation functions for the 0 2
Ising order parameter computed at different times with the r/L(t)
appropriate length scale(t), i.e., C(r,t)=f[r/L(t)], f(x)
being the scaling function resulting from the collapse of the FIG. 1. Scaled correlation functior@[r/L,(t),t] at different
correlation functions. This dynamic scaling implies that theretimes t=10,20,40,80,160,320,640,1280 fdr=0.8, where the
is a dominansinglelength scale in the ordering process thatlength scalel,(t) is defined asC[r=L,(t),t]=1/2. The simple
is regarded as the average size of Ising domains. The chaglynamic scaling is clearly violated.
acteristic time dependence of the length schl¢), the
growth law, is known to bé (t)~t¥2, coming from the fact against the scaled distancéL,(t). If these plots are col-
that the motion of domain wall is driven purely by its local lapsed onto a single master curve, then the equal-time corre-
curvature. lation function satisfies a dynamic scaling>(r,t)

Equivalently, the dynamic structure fact®(k,t), the  =f[r/L,(t)], f(x) being the scaling function independent of

Fourier transform ofC(r,t), has the corresponding scaling time. However, for the present case, as Fig. 1 clearly shows,
form this procedure does not lead to a single curve onto which all

correlation functions collapse. In order to see this scaling
R e violation more closely, we focus in Fig. 2 on the short-
S(k,t)= f dre™ rC(r,t) =Lt g(kL(1)), (9 distance part of the scaled correlation functions and for com-
parison we also show the scaling functions for the pure
whereg(y) is the Fourier transform of the scaling function
f(x). The short distance part of the scaling functiqx) is
of the form

1.0 T T T T
AN h=0.8
f(X)=1—consxx, x<I1. (10 e 2D 0(2)

This short distance behavior, known as Porod’sasl, isa | SN\ =D ISING

direct consequence of sharpness of the domain wiks
thickness of the wall is very small compared to the average
domain siz¢ This behavior is also manifested in the scaling
function of the dynamic structure factor as a power-law tail

in the large wave-vector limit, i.e., F

gly)~y @ y>1, (11

which becomesg(y)~y 2 for d=2. The excess energy 0.6
shows a power-law decay of the form

AE(t)~L(t) " 1~t~ %2 (12

L | H ]

. . . .. 0.0 0.2 0.4 0.8 0.8 1.0
This behavior comes from the fact that the energy is dissi- L(t
r/Ly(t)

pated mostly near the domain walls.

We now turn to discuss our simulation results. In order to
see if the growth of the inversion domains exhibits self- F|G. 2. Short-distance part of the scaled correlation functions in
similar morphology, we introduce an appropriate lengthrig. 1, which shows a slow approach of the scaled correlation func-
scaleL,(t) defined asC[r=L,(t),t]=1/2 for a given time tion to the pure Ising correlation function. Note that it has a con-
t. Then the order-parameter correlation functions are plottediderable curvature at early time stages.
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FIG. 3. (8 Time dependence of the length scalgt) for sev-
eral external fields(b) Scaling of the length scalds(t) using the
field-dependent time scalgh).

O(2) model and the Ising model both in two dimensions
obtained from recent simulations carried out by the present
authorg 22]. We first observe from Fig. 2 that, in contrast to
the case of pure Ising domain growth, the scaled correlation
functions show considerable curvature in the short-distance
part at the early stage of ordering, and as the ordering pro-
ceeds further the scaled correlation function slowly ap-
proaches the pure Ising scaling function, gradually reducing
its short-distance curvature. We may explain this slow ap-
proach to the asymptotic limit and the resulting scaling vio-
lation for any finite time span, in terms of the existence of a
different length scale in our model in addition to the usual
length scale of average domain size. Namely, we have point
defects along the domain walls and the coarsening process
involves not only the decay of the domain walls but also that
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FIG. 4. Interpolation functiorlJ that represents the slow ap-
proach of the scaled correlation functions to the asymptotic limit.
The functional form becomes universal, independent of the field
h, when the time is rescaled with the same field-dependent time
scaler(h) as used in Fig. ®).

break the self-similarity of the ordering process based on a
single length scale.
In spite of this scaling violation based on the single domi-

nant length scale, the length scélgt) can still be consid-
ered as a meaningful length scale for the average size of the
ordered domains, and one can extract the growth law expo-
nents from data o, (t) for various values of the external
fields h. These are shown in Fig.(®, from which we see
thatL,(t) grows, at an early stage, with the power-law ex-
ponent of;=0.38 and then it slowly crosses over into the

of these point_defects on the _inversion walls. Hence the av- FIG. 5. Time dependence of the total number of point defects
erage separation between point defects offers another lengitr a few values of the external magnetic field. It shows a power-
scale to take into account in the ordering process, which calaw decay in timeN(t)~t~"», with »,=0.76.
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late time exponenip,=0.46, which is close to the pure . . .
curvature-driven growth exponent of 1/2. As the magnitude 1
of the magnetic field increases, the time scale at which the
crossover occurs tends to decrease, which is consistent with a
dimensional analysis from Eq2), which givesr~1/h?.

From this observation, we may be tempted to try to col-
lapse the time dependencelgf(t) for various values of the
external fieldh, by measuring the domain sizg(t) in terms AE
of the equilibrium wall width{~1/h and the timet in units
of #(h), i.e., hL,(t)=G[t/7(h)]. We find that it is indeed
possible to collapsé&,(t) for various values oh, which is
shown in Fig. 8b). For the best collapse the field depen-
dence of the time scale scales as~ 1/h? for h<1.0, con-
sistent with the dimensional analysis, arne-1/h for
h=1.0.

Collapse ofL(t) for various values of the magnetic field
h signifies that, even though the system does not possess 0.0t . : '

L . . . . 10 100 1000
self-similarity of the ordering process, there still exists a kind t/7(h)
of regularity in the ordering process itself. This leads us to
speculate that there may also exist a similar kind of regular-
ity in the manner in which the rescaled correlation functions  F|G. 7. Relaxation of the excess energy in the rescaled time
approach the asymptotic limit. We indeed find that the ap+/+(h). It exhibits a power-law formhE~t~ "€, with vz=0.48.

proach of the rescaled correlation functioR¢x,t) to the
asymptotic limit can be represented as

F(x,t)EC[r/L|(t),t]=f,(x)+U(t/r(h))[fo(x)—f|(X)(::|L,3)

wheref|(x) is the Ising scaling function anig(x) the scaled
correlation function at some reference initial tifinere taken

to bet=0). The functionJ(t/7), shown in Fig. 4, represents
an interpolation function in time and evidently satisfies
U(0)=1 and U(»)=0. Note that the same time scale
7(h) appears here as that used in the collapdg @). When
we tried a nonlinear fit of the form
U(t/7)~1[1+b(t/7)*] with b a constant, we could get
pn=0.6.

The time dependence of the average separation between
point defects can be obtained from measuring the total num-
ber of point defectdNy(t), which is shown in Fig. 5 for a
few values of the external field. It exhibits a power-law de-
cay in timeN,(t)~t~"p with v,=0.76, and this implies that
the average separation between point defects goes as
Lp(t) ~ L/Np(t) ~t°38 which coincides with the growth ex-
ponent ofL,(t) at the early time stage of the ordering pro-
cess. Therefore, at this early time stage of ordering, the av-
erage domain size coincides with the average separation
between point defects, and the short-distance behavior of the
correlation function for the Ising-like order parameter is
strongly influenced by the presence of point defects on the
domain walls, resulting in the scaled correlation functions
with larger curvature near the origin. At the late stage of
ordering, the average domain size grows faster than the av-
erage separation between the point defects does, and there-
fore the effect of the point defects on the short-distance be-

FIG. 6. Snapshots of the Schilieren texture at various timed1avior of the correlation function becomes weaker, reducing
t=5,10,20(from top left down, 40,80,160(from top right dowp  the short-distance curvature of the scaled correlation func-
for h=0.4 on a square lattice with linear size 128. We see thelions.
annihilation of point defects on the domain walls as the ordering Experimentally, the point defects are most clearly seen in
proceeds. the Schilieren texture in which the intensity of the light re-

oy Sl WIS
A= ’,4)1_ “‘;,\,;,:
' Vfb LN i“;le.{ AT
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flected from the liquid crystal sample placed between twausing the two-dimensional continuum time-dependent
polarizers with perpendicular polarization axes are measure@inzburg-Landau model based on a planar vector that in-
In numerical simulations, we can easily produce snapshots @fludes a term breaking th®@(2) symmetry, leaving Ising
such images, which are shown in Fig. 6, where the intensitdegeneracy of the ground states. We found a systematic scal-
is proportional to sif(26), 6 being the angle between a po- ing violation in the equal time correlation functions for the
larization axis and the director field. In this figure, a point|3ing_|ike order parameter, which may be attributed to the
defect can be identified as a point at which four bright  existence of a new length scale corresponding to the average
dark regions meet. We see that as mentioned above, thgparation between point defects residing on the domain
ordering process involves annihilations of point defects. 5|15, Some of the results obtained in the present simulations

Another quantity of_interest is t_he t_ime depe_ndence of the?nay be experimentally tested in smed@cfilms under an
excess energy relaxation, shown in Fig. 7 for different value xternal magnetic field

of the external field. Here, we can also rescale the data wit
time in units ofr(h) andAE in units ofh?. That is, we have
AE/h?=Y[t/7(h)]. We see that the excess energy relaxes in
time as a power law oAE~t~ "€ with vg=0.48, which is
close to the behavior we can expect based on the character-
istic features of |Sing domain growth as mentioned earlier We thank Professor Noel Clark for a valuable discussion.
[see Eq(12)]. This work has been supported in part by the KOSEF through
Grant No. KOSEF-961-0202-009-1 and in part by the Basic

IV. SUMMARY Science Research Program, Ministry of Education, through

We investigated numerically the coarsening and growtH3rant No. BSRI-95-2412(B.K.), and by the KOSEF
of Ising order associated with the field-induced domain walls(J.R.L).
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